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Electron and Spin Density Analysis of Spin-Projected Unrestricted Hartree-Fock Density
Matrices of Radicals
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Methods have been developed for the electron and spin density analysis of unrestricted Hartree-Fock wave
functions of radicals without and with the inclusion of annihilation of the largest spin contaminant via spin
projection (PUHF). While UHF wave functions are not eigenfunctions of the <S2) operator, the spin projection
method successfully annihilates the main component of the spin contamination. Electron and spin density
functions determined at the UHF and PUHF levels are compared. Differences of topological and of integrated
properties are discussed. Methyl and allyl radicals are discussed to illustrate th4e effects of spin annihilation.
Representative series of simple binary radicals of first- and second-row atoms, of heteroatom-substituted methyl
radicals, of a selected number of unsaturated systems, and of selected aza analogues of allyl radicals also are

considered, and trends are discussed. It is found that the electron populations determined with the UHF and
PUHF electron density functions differ only marginally but that the spin populations are greatly dependent
on the method.

Introduction

Modern electron density analysis methods developed within
the framework of the theory of atoms in molecules2 are among
the most useful tools for chemists to characterize and analyze
bonding. The results of such an analysis not only allow for a
better understanding of important chemical concepts, but they
have lead to significant new findings; that is, such analyses go
beyond a posteriori description in that they suggest new methods
for the study of bonding and thus to advance our level of its
understanding. The resonance concept, for example, has received
significant attention recently3 in light of electron density analyses,
and the crucial importance of the atomic dipole moments for
their interpretation has been stressed.4 Unexnected new features
in electron density distributions have been discovered.5 Even
such fundamental parameters as electronegativity6 and bond
dissociation energies,7 processes such as charge transfers,8 and
concepts like the Hammond postulate9 can be analyzed within
this framework to reveal new insights into bonding.

Central to this theory is the idea of recovering the atom in the
molecule based solely on the topological properties of the electron
density distribution. The zero flux surfaces of the gradient of the
electron density define the unambiguous partitioning of the three-
dimensional electron density distribution into atomic basins.
Numerical integration10 of the appropriate electron density
function within such basins yields integrated atomic properties
that have a rigorous foundation in quantum mechanical theory.
Numerical integration of the electron density itself results in
atomic populations, and the integration of derived electron density
functions yields integrated properties such as electric moments,
kinetic energies, and many others. Here we will be primarily
concerned with atom populations and atom first moments,
important parameters for atom anisotropy, which are defined as

atom population: N = Jp{r) dr

first atom moment: p = -ejrnp(r) dr

where the integrations are carried out over the entire basin dr
of atom «.11 The topological electron density analysis technique
differs fundamentally from other population analyses that employ
basis set partitioning such as the Mulliken population analysis,12
the Natural Population method,13 or the SEN method.14 The
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topological method has two major advantages.15 First, it is the
only method in which the partitioning of the molecular system
into atomic regions is done in a rigorous manner based on the
axioms of quantum mechanics, while all other methods involve
further assumptions. Second, while all other methods provide
only charges, the topological method provides additional infor-
mation on the atomic properties such as atomic dipole moments
and atom stabilities. While the application of the topological
method to large systems was somewhat limited in the past by the
substantial computer time requirements for the numerical
integrations, recent developments by us16 and others17 have allowed
for significantly more efficient integration procedures without
any loss in accuracy.

Topological electronic density analysis has been widely applied
at the restricted Hartree-Fock (RHF) level, and more recently,
reports occur more frequently of electron density analysis with
the inclusion of electron correlation effects via perturbation theory
(e.g., second-order Moller-Plesset theory, MP2) as well as via
variational theory (CISD).18 Compared to our level of under-
standing of closed-shell systems, the study of open-shell systems
is still in its infancy.19 Much of the current lack of electronic
structure analysis of radicals is due to the disadvantages associated
with their Hartree-Fock level wave functions. Restricted open-
shell Hartree-Fock theory (ROHF) does not account for spin
polarization, and single excitations need to be considered to remedy
this deficiency. The unrestricted formalism of Hartree-Fock
theory (UHF) accounts for spin polarization as its allows for
different spatial parts of the spin orbitals, but the UHF solutions
are spin contaminated; that is, the wave functions are not
eigenfunctions of the <52> operator.

In this article, we report the results of a study of the electron
density and the spin density analysis of radicals based on
unrestricted wave functions without (UHF) and with (PUHF)
the annihilation of spin contaminations through spin projection.
Software was written and is described to accomplish this task.
The comparative study of the effects of spin annihilation on the
electron and on the spin density distributions and atom population
is in the focus of the present study. Three types of open-shell
systems were chosen to test and illustrate the methods and to
search for general trends. To begin with, several simple binary
radicals of first- and second-row atoms, -XH„ (X = C, N, O and
X = Si, P, S), were considered. As representatives of simple <r

radicals, a series of heteroatom-substituted methyl radicals,
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Hartree-Fock Density Matrices of Radicals

•CH2XH„ (X = F, O, N, C and Cl, S, P, Si), was considered, and
a selected number of the unsaturated systems, *CH2X (X = CN,
NO, CHO), were examined as well. Allyl radical and selected
aza analogues were included in this study as prototypical ir

radicals.
Theoretical Background

An excellent review of UHF and spin-projected UHF theory
by Rossky and Karplus is available,20 and it allows us to be brief.
For an open-shell 7V-electron system with the eigenvalue s0 of the
spin operator (Sz), the orbitals of a restricted open-shell Hartree-
Fock (ROHF) wave function2' are constructed from 0.5{N-2s0)
doubly occupied spatial orbitals and 2s0 singly occupied spatial
orbitals. In the UHF formalism,22 the constraint to double
occupation is released, every electron can occupy an individual
spin orbital with an independent spatial part, and the difference
between the exchange interaction among a spin electrons and
that among the 0 spin electrons in an open-shell system leads to
the so-called spin polarization.23 The difference between the a

spin and the 0 spin spatial orbitals in the UHF wave functions
leads to nonzero spin densities in the atomic regions, and the total
spin in an atomic region is the “spin population”.

For open-shell systems, the exact eigenfunctions are required
to be eigenfunctions of both the total spin-angular momentum
(S2) operator and of the z component of the S operator. While
the ROHF method satisfies these conditions, the ROHF wave
functions suffer from the neglect of spin polarization. On the
other hand, the UHF solution accounts qualitatively for spin
polarization, but it has a shortcoming in that the wave function
is not an eigenfunction of the (52) operator (but it is an

eigenfunction24 of (S2)). Because of this, UHF wave functions
contain contaminations by higher spin multiplets.25 Recently,
spin-constrained unrestricted Hartree-Fock theory (SUHF) also
has been introduced as a method for the determination of orbitals
with different a and 0 spin while avoiding the spin contamination
present in the UHF method.26

Ldwdin showed that the dominant part of the spin contami-
nation is due to contributions from the next higher spin state, and
he devised a method to annihilate such spin contamination from
the UHF wave function via a projection technique.27 28 Partial29
and full30 annihilation of the major contamination due to the
next higher spin state or complete annihilation of all contaminating
spin states3'32 has been examined subsequently.33 More recently,
Schlegel34 35 demonstrated that spin projection of just the next
higher spin state successfully removes most of the spin contam-
ination from UHF wave functions.36 Extension of the method
to include perturbational effects of electron correlation also proved
successful.37 38 In the following, spin annihilation will refer to
the removal of the major spin contamination due to the next
higher spin state of the UHF wave function and the wave function
thus produced will be referred to as the projected unrestricted
Hartree-Fock (PUHF) wave function. UHF wave functions after
complete annihilation of all spin contaminations will be denoted
as CPUHF.

The eigenvalues of the (S2) operator of the UHF and of the
PUHF wave functions of the radicals considered in this study are
listed in Table I. As can be seen, the removal of the quartet
contributions successfully removes the major part of the spin
contamination.

Computational Implementation
For closed-shell systems, the determination of the topological

and integrated atomic properties involves the following steps. An
ab initio program such as Gaussian88 is used to determine the
RHF wave function of the system. The wavefunction together
with basis set and geometry data is read from the checkpoint file
and written to a so-called WFN file in the appropriate format
for subsequent density analysis. This task is accomplished with
the program PSICHK.39 The electron density analysis is

accomplished in two steps with the programs SADDLE and
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TABLE I: Spin Contamination. Eigenvalues of the (S2)
Operator4

radical UHF PUHF'1 A'

CHj 0.762 0.750 0.012
NH, 0.758 0.750 0.008
OH 0.755 0.750 0.005
SiH3 Du, 0.767 0.750 0.017
SiH3 C3r 0.754 0.750 0.004
PH, 0.763 0.750 0.013
SH 0.758 0.750 0.008
ch,ch3 0.762 0.750 0.012
ch2nh, 0.760 0.750 0.010
ch2oh 0.759 0.750 0.009
ch2f c2, 0.763 0.750 0.013
ch2f c, 0.759 0.750 0.009
CH2SiH3 0.761 0.750 0.011
CH2PH2 0.765 0.750 0.015
ch2sh 0.765 0.750 0.015
ch2ci cv 0.765 0.750 0.015
ch2ci c, 0.764 0.750 0.014
ch2cn 0.924 0.768 0.156
ch2no 1.010 0.761   0.249
ch2cho 0.936 0.755 0.181
ch2chch, 0.973 0.758 0.215
ch2nch2 0.975 0.758 0.217
ch2chnh 0.976 0.757 0.219
ch2nnh 0.998 0.758 0.240

“ All values for the 6-31G* wave functions calculated with the UHF/
6-3 lG* structures.h After annihilation of the next highest spin state
(quartet). < A values give the difference between the eigenvalues before
and after annihilation (UHF - PUHF).

PROAIM.40 With the program SADDLE, the critical points in
p(x,y,z) are determined, that is, the points in Cartesian space at
which the gradient of the density vanishes. With the critical
point information, PROAIM performs the tasks of first defining
the zero-flux surfaces and then determining atomic properties
for each atom at a time by numerical integration.

In our work on the open-shell systems, modifications to all of
these programs were made, and additional programs were written
that allow for the electron and spin density analysis at the UHF
and PUHF levels. This set of programs4142 consisting of the
programs PSICHK PUHF, SADDLE PUHF, PROAIM PUHF,
DENCUT, and DENADD is available from the authors. For
UHF wave functions, the a and 0 electron density matrices are
read from the checkpoint file with PSICHK PUHF and written
to a WFN file that contains the a MOs and the 0 MOs in sequence.
In the case of the PUHF calculations, appropriate nonstandard
routes are used in running Gaussian88 to write out the PUHF
density matrices for the a and 0 sets. With the programs
DENCUT and PSICHK PUHF, the density matrices are
reformated to obtain separate WFN files for the a and 0 densities.
Program DENADD was written to construct WFN files for the
total electron density and for the spin density functions. SADDLE
PUHF is then employed to determine the topological properties
of the total electron density function, and with PRO AIM PUHF,
the integrated properties for the two sets are determined.

The total electron density function is the sum of the a and 0
parts, and the spin density function is their difference.

electron density function: p{~ pa + pa

spin density function: pts = pa- pa

For the analysis of the spin density function, two ways of
partitioning might be pursued. One could either use the
partitioning defined by the electron density function, or one might
define a partitioning based solely on the phase changes in the pts
functions. The first partitioning method employs one and the
same partitioning surface for the a, the 0, and the total densities,
this option is precedented,19 and it is also the method that we
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TABLE II: Electron and Spin Populations of Simple Binary Radicals

Glaser and Choy

PUHF UHF

Na Ng N“ SP6 N„ Ng N SP

1 C 3.539 2.575 6.114
•ch3

0.964 3.583 2.530 6.113 1.053
2 H 0.487 0.475 0.962 0.012 0.472 0.490 0.962 -0.018

3 N 4.359 3.357 7.716
•nh2

1.002 4.381 3.333 7.714 1.048
4 H 0.320 0.321 0.641 -0.001 0.309 0.333 0.642 -0.024

5 0 4.796 3.791 8.587
•OH

1.005 4.804 3.782 8.586 1.022
6 H 0.204 0.209 0.413 -0.005 0.196 0.218 0.414 -0.022

7 Si 6.242 5.542 11.784
•SiH3 Dy

0.700 6.279 5.509 11.788 0.770
8 H 0.914 0.816 1.730 0.098 0.902 0.828 1.730 0.074

9 Si 6.276 5.524 11.800
•SiH3 C3,

0.752 6.287 5.513 11.800 0.774
10 H 0.906 0.824 1.730 0.082 0.902 0.828 1.730 0.074

11 P 7.391 6.497 13.888
•ph2

0.894 7.406 6.482 13.888 0.924
12 H 0.805 0.751 1.556 0.054 0.797 0.759 1.556 0.038

13 S 8.503 7.513 16.016
•SH

0.990 8.511 7.506 16.017 1.005
14 H 0.497 0.487 0.984 0.010 0.489 0.494 0.983 -0.005

“ Electron population N is the sum of the a and 0 populations: N = N„ + Ng.b Spin population SP is the difference between the a and 0 populations:
SP = N„ - Ng.

have used throughout in the present work; that is, the electron
populations were determined for the a and f3 parts of the density
within the atomic basins of the total electron density to give Na
and Ng. The electron population then is the sum of Na and Ng
and the atom spin population, SP, is their difference.

electron population: N = Na + N^

spin population: SP = A7 + Nf0

Results for Representative Series of Radicals

In Tables II—IV, the electron populations Na and Ng, the total
electron populations N, and the spin populations SP are given of
all of the atoms of the simple binary radicals, of the substituted
methyl radicals, and of allyl radical and its N analogues,
respectively, as determined with the UHF and with the PUHF
wave functions.

All wave functions were calculated with the UHF/6-31G*
optimized structures.43 Geometries were optimized with the
appropriate symmetry constraints with Gaussian88, and the exact
Hessian matrices were computed for each structure to assure its
stationarity and to characterize each extremum as a minimum

eigenvalues.

h C2v
C, Cs

H H
\ v

H H
x r

\ Cs

V-x
H

V V '/ \
H H II H

X = F, Cl X = O, S X = N, P C, Si

The XH2 radicals (X = N, P) were calculated in C2l symmetry.
Methyl and silyl radicals both were optimized in Du- While Dy,
CH3 is the minimum, Dy, SiH3 is the transition-state structure
for inversion of the C3l. symmetric silyl radical. Both the Dy, and
the C3l silyl radical structures were studied. The substituted
methyl radicals44 45 were studied with the conformations and
symmetries shown above. For the halogenated systems, both the

Cs minima as well as the C2„ symmetric transition-state structures
for inversion were considered. The hydroxy and thiomethyl
radicals were computed in C| symmetry. Both heavy atoms are

pyramidalized in the amino and phosphinomethyl radicals in the
way shown, and they have overall Cs symmetry. The methyl and
silyl-substituted methyl radicals are C, symmetric with staggered
conformations. In addition, the methyl radicals with an attached
formyl, nitroso, or nitrile group were studied. These systems

H H

h o
> N

Cs Cs C2v

might equally well be regarded as heteroanalogues of the allyl
radical. Their structures were optimized within the symmetry
point groups shown and confirmed to be minima. Allyl radical,46 47

H H H H H H

c2v c2v cs cs

its 2-A7 and 1-A7aza analogues, and its 1,2-A7,A7 analogues48 all
were considered with the conformations and the symmetries49
shown. For brevity, neither structural and energy data nor the
results of the vibrational frequency analysis are given here. Many
of these are available in the literature,50 and the remaining data
can be obtained from the authors.

Cross sections of the electron and spin densities were determined
with our program Netz51 and graphed with our PV-Wave
programs. Computations were carried out on a network consisting
of a Vaxstation3100, two VaxStation3520, two Silicon Graphics
Personal Iris 4D/25 workstations, and on the IBM 4381 and
3090J mainframes of the Campus Computing Center and the
attached FPS array processor.

Effects of Spin Annihilation on Topological Properties
In methyl radical, the unpaired electron occupies a C-p-AO.

Because of this unpaired a spin at C, the paired a electrons in



Hartree-Fock Density Matrices of Radicals The Journal of Physical Chemistry, Vol. 97, No. 13, 1993 3191

TABLE III: Electron and Spin Populations of Substituted a-Methyl Radicals
PUHF UHF

N„ N* N SP N„ Nt N SP

’CH,CHih
15 C' 3.498 2.586 6.084 0.912 3.541 2.542 6.083 0.999
16 C 2.957 2.951 5.908 0.006 2.932 2.976 5.908 -0.044
17 H-(C) 0.525 0.488 1.013 0.037 0.532 0.481 1.013 0.051
18 HMC) 0.511 0.502 1.013 0.009 0.513 0.500 1.013 0.013
19 H-(C') 0.499 0.485 0.984 0.014 0.484 0.500 0.984 -0.016

•ch2nh2
20 C 3.158 2.362 5.520 0.796 3.188 2.333 5.521 0.855
21 N 4.221 4.065 8.286 0.156 4.222 4.068 8.290 0.154
22 H-(C) 0.503 0.483 0.986 0.020 0.491 0.496 0.987 -0.005
23 H-(N) 0.307 0.303 0.610 0.004 0.306 0.304 0.610 0.002

•CH2OHrii
24 C 3.109 2.289 5.398 0.820 3.139 2.260 5.399 0.879
25 O 4.696 4.557 9.253 0.139 4.693 4.560 9.253 0.133
26 H-(O) 0.200 0.200 0.400 0.000 0.199 0.201 0.400 -0.002
27 H' 0.489 0.472 0.961 0.017 0.476 0.485 0.961 -0.009
28 Hc 0.505 0.482 0.987 0.023 0.493 0.493 0.986 0.000

•ch2f c2,
29 C 3.140 2.269 5.409 0.871 3.178 2.230 5.408 0.948
30 H 0.464 0.457 0.921 0.007 0.447 0.474 0.921 -0.027
31 F 4.932 4.817 9.749 0.115 4.927 4.821 9.748 0.106

•ch2f c,
32 C 3.108 2.251 5.359 0.857 3.138 2.221 5.359 0.917
33 H 0.482 0.464 0.946 0.018 0.469 0.478 0.947 -0.009
34 F 4.928 4.820 9.748 0.108 4.925 4.824 9.749 0.101

•CH2SiH3*
35 C 3.896 2.958 6.854 0.938 3.930 2.923 6.853 1.007
36 Si 5.507 5.506 11.013 0.001 5.499 5.514 11.013 -0.015
37 H-(Si) 0.878 0.855 1.733 0.023 0.880 0.852 1.732 0.028
38 Hs-(Si) 0.870 0.864 1.734 0.006 0.870 0.865 1.735 0.005
39 H-(C) 0.487 0.474 0.961 0.013 0.474 0.487 0.961 -0.013

•ch2ph2
40 C 3.836 2.946 6.782 0.890 3.872 2.908 6.780 0.964
41 P 6.616 6.565 13.181 0.051 6.606 6.581 13.187 0.025
42 H-(C) 0.482 0.470 0.952 0.012 0.468 0.484 0.952 -0.016
43 H-(P) 0.791 0.773 1.564 0.018 0.794 0.770 1.564 0.024

•CH^H"*
44 C 3.535 2.677 6.212 0.858 3.578 2.633 6.211 0.945
45 S 8.011 7.897 15.908 0.114 7.995 7.913 15.908 0.082
46 H-(S) 0.506 0.501 1.007 0.005 0.506 0.502 1.008 0.004
47 H1 0.472 0.462 0.934 0.010 0.458 0.477 0.935 -0.019
48 Hs 0.475 0.462 0.937 0.013 0.462 0.476 0.938 -0.014

•ch2ci c2,
49 C 3.415 2.521 5.936 0.894 3.462 2.473 5.935 0.989
50 H 0.456 0.448 0.907 0.011 0.440 0.465 0.905 -0.025
51 Cl 8.674 8.582 17.256 0.092 8.657 8.598 17.255 0.059

•CH.Cl c,
52 c 3.401 2.514 5.915 0.887 3.446 2.470 5.916 0.976
53 H 0.461 0.451 0.912 0.010 0.447 0.465 0.912 -0.018
54 Cl 8.676 8.585 17.261 0.091 8.661 8.600 17.261 0.061

•ch2cn
55 c 2.439 2.533 4.972 -0.094 2.287 2.700 4.987 -0.413
56 N 4.373 3.998 8.371 0.375 4.478 3.875 8.353 0.603
57 a 3.283 2.571 5.854 0.712 3.360 2.496 5.856 0.864
58 H-(C') 0.452 0.449 0.901 0.003 0.438 0.464 0.902 -0.026

•CH->NO
59 N 3.942 3.586 7.528 0.356 4.036 3.483 7.519 0.553
60 O 4.559 3.808 8.367 0.751 4.610 3.753 8.363 0.857
61 C 2.564 2.684 5.248 -0.120 2.414 2.849 5.263 -0.435
62 H1 0.466 0.464 0.930 0.002 0.466 0.463 0.929 0.003
63 Hc 0.474 0.462 0.936 0.012 0.478 0.457 0.935 0.021

•CHiCHO
64 C 2.446 2.506 4.952 -0.060 2.329 2.641 4.970 -0.312
65 e 3.367 2.702 6.069 0.665 3.451 2.622 6.073 0.829
66 0 4.748 4.369 9.117 0.379 4.802 4.293 9.095 0.509
67 H-(C) 0.494 0.492 0.986 0.002 0.495 0.491 0.986 0.004
68 Hc-(C') 0.469 0.463 0.932 0.006 0.458 0.473 0.931 -0.015
69 H'-(C') 0.480 0.473 0.953 0.007 0.470 0.484 0.954 -0.014

“ Compare legend to Table II. Hs: Symmetry-related H atoms in XHj group. H':H atom in the trans position. HC:H atom in the cis position.
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TABLE IV: Electron and Spin Population of the Allyl Radical and Selected Aza Analogues

Glaser and Choy

PUHF UHF

Af. N, N SP Na Nf N SP

70 H-(C) 0.498 0.494
•ch2chch2

0.992 0.004 0.501 0.492 0.993 0.009
71 C 2.933 3.043 5.976 -0.110 2.765 3.214 5.979 -0.449
72 e 3.300 2.757 6.057 0.543 3.401 2.654 6.055 0.747
73 H'-(C') 0.493 0.488 0.981 0.005 0.484 0.497 0.981 -0.013
74 H*-(C') 0.491 0.486 0.977 0.005 0.482 0.496 0.978 -0.014

75 N 4.250 4.274 8.524
 ch2nch2

-0.024 4.081 4.420 8.501 -0.339
76 C 2.898 2.394 5.292 0.504 3.001 2.302 5.303 0.699
77 H'-(C) 0.482 0.477 0.959 0.005 0.471 0.488 0.959 -0.017
7* H*-(C) 0.496 0.491 0.987 0.005 0.487 0.501 0.988 -0.014

79 C 2.570 2.671 5.241
ch2chnh

-0.101 2.423 2.832 5.255 -0.409
80 N 4.337 3.830 8.167 0.507 4.411 3.740 8.151 0.671
81 H-(C) 0.501 0.498 0.999 0.003 0.503 0.496 0.999 0.007
82 H-(N) 0.316 0.319 0.635 -0.003 0.308 0.328 0.636 -0.020
83 c 3.314 2.731 6.045 0.583 3.413 2.633 6.046 0.780
84 H'-(C') - 0.474 0.469 0.943 0.005 0.464 0.479 0.943 -0.015
85 HS-(C') 0.488 0.482 0.970 0.006 0.478 0.492 0.970 -0.014

86 N 3.886 3.957 7.843
•ch2nnh

-0.071 3.708 4.119 7.827 -0.411
87 N' 4.009 3.381 7.390 0.628 4.099 3.287 7.386 0.812
88 H-(N') 0.311 0.315 0.626 -0.004 0.302 0.325 0.627 -0.023
89 C 2.853 2.412 5.265 0.441 2.968 2.316 5.284 0.652
90 HMC) 0.471 0.468 0.939 0.003 0.462 0.477 0.939 -0.015
91 H*-(C) 0.475 0.470 0.945 0.005 0.466 0.482 0.948 -0.016

“Compare legend to Table III.

the C-H bonds and close to this C tend to align themselves. The
result is a larger a spin at C and a nonzero 0 spin at the hydrogens.
This effect is the well-known spin polarization. Spin polarization
in the allyl radical causes excess a spin on the terminal carbons
and 0 spin accumulation at the central C, and all of the hydrogens
carry the opposite spins relative to the C they are attached to.
A contour plot of the spin density function (Figure 1) of methyl
radical shows a spin in the C region and 0 spin in the H regions.
The effect of the spin projection on the spin polarization is best
seen by examination of the spin density difference function Aps
= ps(PUHF) - ps(UHF). The function Aps will be negative
(dashed lines) at places where spin projection reduces the a spin,
and it will be positive (solid lines) where it reduces the 0 spin.
Contour and surface plots of the functions Aps for methyl and
allyl radical are shown in Figure 1. In both cases, we find that
spin annihilation reduces the spin polarization. We will show
(vide infra) that this is generally the case.

The significant effect of spin projection on the spin density
distribution leaves the electron density distribution essentially
unaffected. In Figure 2, surface plots of the electron density
difference functions Ap = p(PUHF) - p(UHF) of methyl and
allyl radicals are shown, respectively. Spin annihilation causes

an increase of electron density in all bonding regions. Further-
more, spin annihilation is found to increase (decrease) the electron
density in the proximity of these atoms with excess a (0) spin in
UHF densities. Note, however, that all of the changes are very
small: These features become apparent in contour plots only if
very small contour level settings (between ilCHe au~3) are used.

The extremely small effects of the spin projection on the electron
density distributions in methyl and allyl radicals are typical and
general as is manifested quantitatively in the topological pa-
rameters of all other molecules as well. The topological properties
are given as supplementary material. For example, all of the
parameters derived from the UHF and PUHF densities are the
same for *CH3, and there are only slight differences in X2, X], and
t for the allyl radical. These great similarities in the bond critical
point data together with the marginally small effects on the Ap
functions strongly suggest that the effects of spin projection on

Figure 1. Contour plots of the spin density functions ps(PUHF) of the
methyl (left) and ally! radicals in the top row and respective spin density
difference functions Aps = ps(PUHF) - ps(UHF) in the center row.
Positive areas of the functions ps and Aps are contoured with solid lines,
short dash indicates ps = 0 and Aps = 0, and long dashed lines indicate
contour negative regions of ps and Aps. Contours for the pS functions
start at -0.01 e au-3 and increase with increments of 5 X lO-4. For the
difference function Aps of the methyl (allyl) radical, contours start at
-0.02 (-0.03) e au-3 with increments of 0.001 (0.0015). Surface plots
of Aps are shown at the bottom.
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Figure 2. Surface plots of the electron density difference function Ap =

p(PUHF)-p(UHF) of the methyl (top) and ally! radicals (logarithmic
scale).

the electron density distribution—and thus also on the atomic
basins—are marginal and virtually negligible.

Effects of Spin Projection on Integrated Properties

Integrations within the atomic basins defined by the zero-flux
surfaces of the total electron density yield the populations
associated with a and /S spin components, N„ and Na, the total
electron population, N=Na + Np, and the atom spin populations,
SP = N„ - Np. These populations were determined at both of
the levels UHF and PUHF, and the results are summarized in
Tables II-IV.

Electron Populations. In Figure 3, the JV(UHF) values are

plotted vs the respective (V(PUHF) values for all of the atoms.
Linear regression results in a near-zero intercept, and the slope
is very close to unity (eq 1). Similar correlations” were also
found for the sets of all H atoms, of all C atoms, and all of the
heteroatoms (eqs 2.1-2.3 in ref 52). All correlation coefficients
differ less than 103 from unity.

N(PUHF) = 1.0002/V(UHF) - 8.3564 X HT1 (1)

The total electron population differences AN = /V(PUHF) -

fV(UHF) are rather small in all cases; AN ranges from -0.018
to 0.023 (Tables II-IV). For atoms with excess a spin in the
UHF densities, V„(UHF) > A^fUHF), spin annihilation increases
N^ and decreases N„ by about the same amount and vice versa.
This finding holds for the a as well as for the ir radicals, and these
results show that the integrated atom populations are affected
but marginally by spin projection. Considering the representative
scope of our selection of test molecules, our results suggest this
significant finding to be true for doublets in general.

Atomic Anisotropies. The topological properties determined
at UHF and PUHF levels show but marginal changes in all the
bonding regions. The graphical analysis of the electron density
difference functions Ap goes beyond this finding in that it shows
the (small) effect not only in the bonding regions but in all regions
of the electron density distribution. The latter finds a first

Integrated Atom Population - UHF
Figure 3. Integrated atom populations derived from UHF and PUHF
density matrices linearity correlated. The regression includes all atoms
of all systems studied.

manifestation in the small effects of projection on the electron
populations. Nevertheless, the small AN values alone do not
suffice to establish that the electron density distribution in the
basins is not altered to any significant extent: Small AN values
would occur in cases where significant redistribution of electron
density within the basin occurs without significant charge transfer
between the shape changes of the basins. While the graphical
analysis of Ap allows one to examine this question qualitatively,
the atomic first moments u allow quantitative conclusions because
the first moment is a sensitive measure for the electron density
distribution within the atomic basin.

We have determined the atomic first moments for all atoms
of all the test molecules. The most pronounced effects of spin
projection on atomic dipole moments were found for the allyl
analogue ir systems, and the results for this series are given in
Table V. As can be seen, neither the absolute magnitude nor the
direction of the atomic dipole moments is affected greatly by the
projection operation. Positive and negative Ay occur, and the
absolute value of Ay always is less than 0.10 au, smaller than
0.01 au in most cases, and 4 X 10~3 on average. The ((ma.A-B)
values in Table V give the angles enclosed between the atomic
dipole moment of atom A and the direction vector A -* B as
determined at the PUHF level. They are quite small (<0.l°) in
general, but there are a few cases where large absolute y values
are associated with deviations of a few degrees (e.g., atoms 59
and 80).

Spin Populations. In marked contrast to the marginal effects
of spin projection on the atom electron populations, significant
changes of the atom spin populations are found. In Figure 4, the
integrated atom spin populations SP(UHF) and SP(PUHF) are

compared graphically. Positive SP values indicate excess a spin.
In all cases, spin projection decreases the atom spin populations
for atoms with excess « spin and it increases the atom spin
populations for atoms with excess 0 spin.

SP(PUHF) < SP(UHF) SP > 0 (a spin)

SP(PUHF) > SP(UHF) SP <0(0 spin)

Implications. Amos examined atomic charges and spin densities
for a small number of aromatic fused hydrocarbons and found
that annihilation changes the charges hardly while the spin
densities are changed significantly. In particular, he noted that
the spin densities after annihilation were in better agreement
with experiment.” In related studies, Harriman54 concluded that
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TABLE V: Atomic First Moments for the r Radicals' 6

Glaser and Choy

A atom ^PLHF muhf Am Z(ma,A-B) B A(M-dir)

55 C 1.225 1.220
•CH.CN

0.006 0.03 56 0.00
56 N 0.884 0.852 0.032 180.02 57 0.00
57 C' 0.439 0.440 -0.002 0.09 56 0.00
58 H-(C') 0.135 0.135 0.000 0.43 57 0.04

59 N 1.205 1.176
•CHiNO

0.028 16.43 60 0.99
60 0 0.228 0.230 -0.001 5.84 59 -0.19
61 c 0.906 0.910 -0.004 1.53 59 0.04
62 H1 0.135 0.135 0.000 0.29 61 0.11
63 Hc 0.137 0.138 -0.001 0.76 61 -0.09

64 C 0.880 0.879
•CH2CHO

0.001 118.59 65 0.42
65 e 0.069 0.008 0.062 137.97 68 1.82
66 0 0.578 0.557 0.021 179.66 64 0.00
67 H-(C) 0.142 0.143 -0.001 2.92 64 0.03
68 Hc-(C') 0.137 0.138 0.000 2.99 65 0.03
69 H'-(C') 0.139 0.139 0.000 1.04 65 -0.01

70 H-(C) 0.137 0.138
•ch2chch2

-0.001 0.01 71 0.00
71 C 0.054 0.063 -0.009 62.27 72 0.00
72 C' 0.068 0.080 -0.012 115.08 73 -1.27
73 H'-(C') 0.141 0.142 0.000 0.23 72 0.06
74 HC-(C') 0.140 0.140 0.000 0.22 72 -0.05

75 N 0.266 0.244
•ch2nch2

0.022 120.48 76 0.00
76 C 0.831 0.833 -0.002 1.52 75 0.04
77 H'-(C) 0.138 0.138 0.000 0.84 76 0.05
78 Hc-(C) 0.149 0.150 0.000 1.00 76 -0.05

79 C 0.759 0.756
•ch2chnh

0.002 3.20 80 -0.72
80 N 0.365 0.344 0.021 153.65 79 2.03
81 H-(C) 0.141 0.142 -0.001 0.18 79 0.00
82 H-(N) 0.191 0.191 0.000 0.19 80 -0.02
83 C' 0.094 0.105 -0.011 2.88 79 0.18
84 H'-(C') 0.138 0.139 0.000 3.21 83 0.05
85 Hc-(C') 0.139 0.139 0.000 1.21 83 -0.03

86 N 0.827 0.814
•ch2nnh

0.013 19.35 87 1.51
87 N' 0.684 0.692 -0.008 89.08 88 -0.11
88 H-(N') 0.186 0.186 0.000 1.32 87 0.02
89 C 0.856 0.858 -0.002 0.80 86 0.04
90 Hc-(C) 0.142 0.143 0.000 2.41 89 0.07
91 H'-(C) 0.135 0.135 -0.001 0.12 89 -0.05

“ Atomic first moments mufif and mpuhf determined by integration of the UHF and PUHF densities, respectively, in atomic units, and Am is their
difference, Am = mpuhf-mUFIF' »The angles Z(ma,A-B) between the atomic dipole of A and vector A -* Bare in degrees as determined with the PUHF
densities, and A(M-dir) values are the difference A(M-dir) = z(ma,A-B)puhf - z(ma,A-B)uhf.
“the spin density seems in general to be affected more than the
charge density by projection”. Subsequently, Nakatsuji et al.55
showed in an elegant fashion that these conclusions can be derived
from the knowledge that the charge density operator commutes
with the annihilation operator, and they derived conditions that
allow one to estimate the magnitude of these changes with an
elaborate scheme.

Our results confirm and corroborate these prior theoretical
analyses not only for a broader scale of systems but also with
quantitative estimates of the effects of spin projection on electron
and spin density distributions. Our results allow for the im-
portant conclusion that the electron density distributions of
doublet radicals are affected by spin projection only to an

insignificant extent. Hence, spin contamination of the UHF wave
functions has but a marginal effect on the properties derived
from the electron density function, and—for most practical
purposes—topological electron density analyses of UHF wave

functions without projection of spin contaminations yield rea-
sonable results.

Effects of Spin Projection on Spin Populations
The spin population difference ASP, ASP = SP(PUHF) -

SP(UHF), is a measure for the effect of the spin projection on

the spin population. Figure 4 shows no general correlation between
the ASP values and the magnitude of the atom spin population.
For atoms with near-zero atom spin populations at the UHF
level, the changes due to spin projection are negligible. The ASP
values also are not correlated with the magnitude of the annihilated
spin contamination in a simple and systematic fashion. In Figure
5, the ASP values are plotted vs the (S2) eigenvalue differences
A(S2), A(S2) - (52>uhf- (‘S’2)puhf, a measureof the annihilation
of unwanted spin states, for all C atoms, all X atoms, and all H
atoms. Spin population changes on the order of 0.1 may occur
even for molecules with moderate-to-small spin contamination
such as the a radicals. For heavily spin-contaminated systems
such as the ir radicals, the ASP values become as large as 0.25-
0.4. The ASP values for the H atoms are small thoughout ranging
from -0.02 to 0.04, and the plot in Figure 5 shows that there is
no correlation between ASP(H) and A(S2).

Simple Biliary Radicals. In the XH„ radicals, the unpaired
electron (with a spin) is located at the X atom, and on the top
of Figure 6, the spin populations of the X atoms in these radicals
are compared graphically, and a few trends are found. Two entries
are made for ‘SiHj; the entry on the left refers to the Dy, structure,
and the other represents the pyramidal minimum structure. At
the PUHF level, the SP(X) values increase with the group number
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Figure 4. Spin populations SP(UHF) and SP(PUHF) graphed for all
atoms. SP(PUHF) spin populations are marked by solid circles. Atom
entry numbers refer to Tables II-IV.

Figure5. Spin population differences AS, 45 = SP(PUHF)-SP(UHF),
vs the reduction in the eigenvalues of the (S1) operator, (52)uhf -

(S2)puhf, upon spin projection. The plot on top shows the data for all
C atoms (black circles) and all heteroatoms (triangles), and the plot on
the bottom shows the respective data for all hydrogen atoms.

within each row, and this increase is more pronounced for the
second-row than for the first-row atoms. Thus, the projection
technique always leads to a reduction of the spin polarization,
and moreover, we find that this reduction of the spin population
of X is inversely proportional to group number within a given
row. Note that the spin populations determined at the UHF
level also would indicate an increase in SP(X) as one moves to
the right in the second row but just the opposite for the first-row
systems.

Substituted Methyl Radicals. In the radicals CH2XH„, the X

c n o r u r s a

Atom
Figure 6. Spin populations SP(PUHF) and SP(UHF) and their
differences SP(PUHF) - SP(UHF) for the X atoms in the binary
compounds XH„ (top), the X atoms in H2CXH„ (center), and for the C
atoms in H2CXH„ (bottom).

atoms no longer are the major spin carriers, but instead, most of
the unpaired electron is located at the adjacent methyl carbons.
Annihilation effects on X and the methyl C are compared
graphically in Figure 6.

The spin populations calculated for the methyl carbons are
affected qualitatively by the spin projection; the UHF and PUHF
densities result in some cases in a reversal of the character of the

spin at X. In the case of the ethyl radical, for example, the UHF
method predicts a 0 spin population for the methyl group, whereas
the methyl group is assigned an overall a spin after projection.
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Intuitively, one might expect a rough correlation between the
electron and the spin populations of the CHj groups in that the
CH2 groups with higher populations also have the higher spin
populations, at least so long as only those test molecules without
the possibility for delocalization in a ir system56 are considered.
However, this expectation is not realized: The CH2 group
populations decrease with the electronegativity of X in each row
as anticipated, but the spin populations of the methyl C and of
the X atom show considerably more complex patterns (Figure 6).
For each row, SP(X) goes through a maximum while SP(C) goes
through a minimum as the group number of X increases, and
these extrema occur later for the molecules with second-row
substituents than with first-row substituents. Fluorine, for
example, causes a higher CH2 group electron deficiency compared
to the amino group, but fluorine leaves the a spin excess at the
CH2 group higher nevertheless. The spin populations of the methyl
C are always in excess of 0.8, and the SP(X) values are below
0.2.

AUyl Radicals and Analogues. The spin density distribution
in the allyl radical shown in Figure l was discussed qualitatively
above, and it is in excellent agreement with the experimental
studies of its spin density distribution.57 The terminal C atoms
with SP(PUHF) = 0.54 have more than 0.5 a electron in excess,
while the central C shows (3 spin density, SP(PUHF) = -0.11.
Note the very significant reduction in the spin polarization upon
projection of the first spin contaminant (Table IV), and significant
changes of equal magnitude also are found for the spin populations
of the heavy atoms in all of the heteroanalogues (Tables III and
IV).

A detailed analysis of the electron and spin density distributions
of the heteroanalogues of the allyl radical and its chemical
implications will be presented in a separate paper. For brevity,
here we mention only some results for the N analogues. Upon
replacement of the terminal C atom by N, the N depletes the
attached C atom of electron density but the spin density
distribution is changed little. The spin density at the central C
atom is rather similar compared to the allyl radical, and the large
spin concentrations occur at the CH2 carbon, SP(PUHF) = 0.583,
and N, SP(PUHF) = 0.507. Replacement of the central CH
group in the allyl radical by N merely changes the atomic charges
as expected but again shows little effect on the spin distribution.
In the radical CH2NNH, we find similar effects, but in this case,
the more electronegative terminal group NH also carries the
higher spin population. Thus, allyl-radical-type spin delocal-
ization persists upon C/N (and/or C/O) replacement, and it is

accompanied by electron density shifts in the directions expected
by atom electronegativities. Depending on the nature of the
heterosubstitution, we may find anywhere between 40% and 60%
of the unpaired electron at a given terminal atom, and this is in
excellent agreement with the calculated bond lengths, which
clearly imply significant radical delocalization through conju-
gation.

Fermi Contact and Spin Populations

By their definition, the Fermi contacts provide a measure for
the spin density in the vicinity of the nucleus, and thus, Fermi
contacts are intrinsically of a rather different nature than the
integrated spin populations which provide a measure of the total
spin density in the topologically defined atomic region. While
the Fermi contact essentially reflects the spin density of the
electrons near the nucleus, the spin population includes infor-
mation about the core as well as the valence electrons. Accord-
ingly, no general correlation between the Fermi contacts and the
spin population is to be expected, and none occur.

In the case of the hydrogen atoms, however, one might expect
that the spin density at the nucleus parallels the spin population,
and the plots shown in Figure 7 do indeed show fairly good
correlations between the spin populations and the Fermi contacts.

Figure 7. Correlation of Fermi contacts with spin populations. The Fermi
contacts calculated at the UHF/6-31G* level are plotted vs the spin
populations obtained at the UHF (solid circles) and PUHF (unfilled
circles) levels. The plots on the top and bottom include all data for a-
and //-hydrogens, respectively, in the substituted methyl radicals.

The data shown on top refer to all of the H atoms in the substituted
methyl radicals that are connected to the methyl C atoms, the
a-hydrogens, and the linear regression results in the equations

FC(a-H) = 0.6478-SP(UHF) - 1.6582 X 10“2

(R2 = 0.938) (3.1)

FC(a-H) = 1.0385-SP(PUHF) - 4.0379 X 10"2

(R2 = 0.857) (3.2)

The plot on the bottom shows the respective data for the
/3-hydrogens, that is, the H atoms attached to the heteroatom
connected to the radical C, and the following equations best
describe the correlations:

FC(/3-H) = 0.5937-SP(UHF) - 3.2620 X 10"4

(R2 = 0.993) (4.1)

FC(/3-H) = 0.8462-SP(PUHF) - 1.8394 X 10~3

(R2 = 0.979) (4.2)

The intercepts are close to zero in all cases, as expected, but the
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Figure 8. Ratio of spin populations SP(UHF)/SP(PUHF) for the C
atoms in the a radicals (unfilled circles) and in the *• radicals, respectively.

slopes in eq 3 and 4 are significantly different and clearly indicate
that even for the H atoms, this type of correlation does depend
markedly on the bonding situation. The slopes are larger in both
cases for the PUHF data which reflects the reduction in the spin
polarization with spin projection (vide supra).

Spin Delocalization and Polarization

“Spin delocalization” and “spin polarization” have been used
to classify “spin appearing” mechanisms that are due to singly
occupied orbitals of the best restricted wave function or due to
correlation between electron spins, respectively. Yonezawa et
al.58 proposed a scheme that allows for the separation of the spin
density calculated with the UHF method without and with
annihilation into components due to the spin polarization
mechanism (SPM) and the spin delocalization mechanism
(SDM). Yonezawa et al. have shown that the SPM contributions
to the spin densities can be calculated with these equations:

SD(UHF)SPM = j[l + (2/j)][SD(UHF) - SD(PUHF)]

SD(PUHF)spm = *[1 + j-'][SD(UHF) - SD(PUHF)]

SD(CPUHF)spm = s[SD(UHF) -SD(PUHF)]

The SDM contribution is the difference between the overall spin
density SP and its SPM component; SPSDM = SP - SPSPM. The
SPM contributions to the spin densities associated with the various
stages of annihilation satisfy the relation

SDspm(UHF):SDspm(PUHF):SDspm(CPUHF) =

(s + 2):(s + 1):j
and for our special case of doublet radicals, this equation becomes

SDspm(UHF):SDspm(PUHF):SDspm(CPUHF) = 3:2:1

for s = 1

This analytically derived relation motivated us to examine
whether the ratio between the integrated spin populations
determined at the UHF and PUHF levels might also approximate
a constant. In Figure 8, we present graphically the spin population
ratio SD(UHF)/SD(PUHF) for the C atoms in all of the <j

radicals (unfilled circles) and in the ir radicals. For the C atoms
in the <r radicals, the ratio is found to be always about 1.1, while
for the C atoms in the ir systems, the ratios spanned a large range
from 1.2 to 1.5. An interpretation of these ratios in terms of the
spin appearing mechanism would be meaningful only if the spin
densities calculated via the appropriate operator are related to
the integrated SP values. Following the arguments presented in
the discussion of the Fermi contacts, to expect such a relation
might not be warranted, and the information in Figure 8 should
be considered as empirical in nature.

Conclusion

Computer programs were written that allow for topological
electron density and spin density analyses of densities of open-
shell systems determined at the UHF and PUHF levels, that is,
without and with removal of unwanted spin contaminations due
to the next highest spin states via spin projection. The methods
were tested, and topological and integrated properties were

reported for representative series of simple binary radicals of
first- and second-row atoms, *XH„, for heteroatom-substituted
methyl radicals, ’CH2X, for a selected number of the unsaturated
systems, *CH2X, and for selected aza analogues of the allyl radical.

Topological properties of bond critical points, graphical analyses
of electron density difference functions A p

= p(UHF) - p(PUHF),
and quantitative determinations of atom populations and first
moments at both levels show that the electron densities differ
only very slightly. For studies of doublet radicals with focus on
electron density distributions, we conclude that the analysis at
the UHF level is appropriate and that spin contaminations have
but a very small effect which is negligible for most types of analyses
in theoretical organic studies. In marked contrast, we have found
that spin projection affects the a and f3 spin components in greatly
different fashions, and the spin populations determined at the
UHF and PUHF levels thus differ significantly. Spin projection
not only leads to substantial quantitative changes but it may
result in qualitative changes and lead to reversal of trends.

In extensions of the presented study, the UHF and PUHF
electron and spin density analyses will not only be compared to
each other but also to the respective data determined at well-
correlated levels of CASSCF theory. In a preliminary investi-
gation, we have studied the binary radicals at levels up to the
CASSCF[7,10] with structure optimizations at these levels. For
structures and total energies, as well as for electron and spin
populations, we have found that the spin annihilation method
yields numbers that fall between the UHF and CASSCF data.
Thus, these preliminary results strongly suggest not only that the
spin projection remedies the spin contamination problem but that
this modification does produce a density'that is actually “im-
proved” in that the changes associated with the spin projection
converge toward the highest level theoretical results.

The analysis of Nakatsuji et al. suggests that the weight of the
lowest contaminating spin function included in the UHF wave
function decreases with increasing spin multiplicity. Hence,
extrapolation of our results for the doublets to radicals with higher
multiplicities might not be straightforward. In the latter case,
complete annihilation of spin contaminations might be required,
and studies are now in progress to clarify this question.
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